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Abstract: Quantum gravity (QG) theories over the past fifty years have sought to understand the relationship
between the four fundamental interactions. A major insight gained in this area is that all interactions could possibly
unify at Planck-scale energies ∼ 1019 GeV. A potential consequence of the unification of gravity with the other
three interactions would be a breaking of Lorentz symmetry at Planck-scale energies. The interpretation of Time-
of-flight (TOF) measurements from gamma-ray telescopes have been able to put constraints on the energy scales
of the Lorentz-invariance violations (LIV). The Crab pulsar, the only pulsar detected at very high energies (VHE,
E > 100 GeV) presents a unique opportunity to put new constraints on LIV. Presented here are the results of
observations of the Crab pulsar with VERITAS and statistical methods to determine limits of LIV effects from
energy-dependent timing differences.
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1 Introduction
The Crab Nebula is believed to be the remnant of a super-
nova observed in 1054 A.D.; nine hundred and fourteen
years later, a high-E˙ pulsar with a period of ∼33 ms was
discovered in the system [1].
All 117 known γ-ray pulsars, including the Crab, show
a spectral cutoff above a few GeV [2]. Traditional pulsar
models attribute this cutoff to curvature radiation originat-
ing within the magnetosphere. Measuring the spectral break
energy and cutoff shape helps to constrain these models.
MAGIC’s observations of the Crab pulsar revealed signifi-
cant pulsations at 25 GeV with hints of signal at energies
higher than 60 GeV [3]. For the first time, the possibility
existed of a non-exponential cutoff in the spectrum of a pul-
sar. Pulsed emission was later detected by VERITAS above
120 GeV, rejecting the exponential cutoff model at the 5.6σ
level [4] (see Figure 1).
Fig. 1: Spectral energy distribution of the Crab Pulsar at γ-
ray energies, including VERITAS results. Figure is from
[4].
In several quantum gravity models and Standard-Model
Extension scenarios, deviations from Lorentz symmetry
could emerge from an underlying unified theory. Due to a
possible foamy nature of space-time, the speed of light in a
vacuum could vary depending on the energy of a particle
(for a recent review, see [5]). The energy scale for these
violations, EQGn, could therefore be constrained by time-
of-arrival differences between photons of different energy
originating from the same source. Any sort of time-of-
flight (TOF) testing for these violations would require γ-ray
sources, with fast variability that are seen at astronomical
distances, such as AGN, GRBs and the Crab pulsar above
120 GeV. In many cases the speed of light for a photon with
energy E can be expanded as:
c(E) = c0
[
1− s± n+12
(
E
EQGn
)n]
, (1)
where EQGn is the energy scale where LIV effects are rele-
vant and c0 is the speed of light at low energies, 3×108m/s.
As an example, for a object a distance D away, if two pho-
tons were emitted simultaneously with energies Eh and El
with Eh > El , the time difference measured by the detector
is:
∆t = s±
D
c0
Eh−El
EQG1
(2)
if the linear term is dominant. s± is equal to +1 in the
sub-luminal case, and -1 in the super-luminal case. If the
quadratic term is dominant, then the timing difference is:
∆t = s±
D
c0
E2h −E2l
E2QG2
. (3)
Typically either EQG1 or EQG2 dominates, and TOF mea-
surements have been able to constrain these quantities.
The Crab Pulsar currently (Spring 2013) presents a
unique opportunity for LIV TOF measurements, and there
are several reasons why it makes a tempting target for these
types of studies:
1. The Crab Pulsar’s signal to noise ratio increases
linearly with time, so limits can be improved by
simply observing longer. Tests do not rely on random
transient events with low statistics.
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2. Since the timing of the Crab Pulsar is widely studied
throughout the electromagnetic spectrum, energy
delays due to propagation effects can be more easily
distinguished from intrinsic effects.
2 Data Selection and Timing Analysis
VERITAS (Very Energetic Radiation Imaging Telescope
Array System) is an array of four IACTs (imaging atmo-
spheric Cherenkov telescopes) located at the Fred Lawrence
Whipple Observatory (FLWO) in southern Arizona (31 40N,
110 57W, 1.3 km a.s.l.) [6]. VERITAS collected 107 hours
of low zenith angle observations on the Crab from the start
of four-telescope operations in 2007 through 2011. Data
quality selection requires a clear atmospheric conditions,
based on infrared sky temperature measurements and nom-
inal hardware operation. Event selection that was applied
to the data was optimized a priori by assuming a power-
law spectrum with an index of -4.0 and a normalization of
a few percent of the Crab at 100 GeV [4]. Data reduction
followed the standard methods, yielding consistent results
with two analysis packages [7].
The Jordell Bank timing ephemeris was used to obtain
the timing parameters for the pulsar analysis [8]. Barycen-
tering was done with two custom codes and with tempo2
[9]. Applying the H-test [10] to this data set yields a H val-
ue of 50, corresponding to a 6.0σ significance [4]. Defin-
ing the significance for pre-chosen ON and OFF regions of
the pulse profile according to Li & Ma [11] gives a 8.8σ
significance [4]. An unbinned maximum-likelihood fit de-
termined the positions of P1 and P2 to be -0.0023±0.0020
and 0.0398±0.002, respectively. The ratio of the number of
pulsed events in P2 over the number of pulsed events in P1
is 2.4±0.6 [4]. The pulse profiles measured by VERITAS
and the Fermi-LAT is shown in Figure 2.
Fig. 2: Pulse profile of the Crab pulsar at γ-ray energies
with VERITAS. All quality data between 2007 and 2011
is included, the exact data set used for [4]. The Fermi-
LAT pulse profile is also shown below the VERITAS pulse
profile).
3 Methodology and Results
3.1 Peak Timing Comparison
The pulse profile of the VERITAS data above 120 GeV is
compared to the pulse profile of the Fermi-LAT data above
100 MeV. If the same timing solutions are used for both
data sets, then the peak positions agree within statistical
uncertainty. This indicates no measurable violations of
Lorentz invariance, so a lower limit on EQGn is therefore
calculated, using Equations 2 and 3. The 95% confidence
upper limit on the timing of the peaks is calculated to be less
than 100 µs. The limits of the linear LIV term is therefore:
EQG1 >
d∆E
c0∆t95%
=
2kpc∗120GeV
3×108m/s∗100µs ∼ 3×10
17GeV
(4)
3.2 Dispersion Cancellation
The method described in the previous section relies on bin-
ning the data in both energy and in pulsar phase. Techniques
involving binning always involve a loss of information. Ad-
ditionally, binning in energy is not ideal because of the vari-
ations of the pulse period within the energy bins due to pul-
sar spin-down. The ideal methodology for LIV, if possible,
should be unbinned in both energy and time (or phase in
this case). The large γ-ray background due to the Crab Neb-
ula provides additional problems. This section discusses a
variation of the Dispersion Cancellation (DisCan) method
[13, 14], that is well-suited to use for pulsars.
The method here utilizes the Z2m test [15] as a test statistic.
The Z2m test is derived from a Fourier-series estimator which
tests for variations from a uniform (unpulsed) light curve
for a chosen Fourier harmonic m [16]. Z2m is proportional to
the Fourier power of the pulsar. LIV effects would introduce
a dispersion of the pulsar signal. The maximal value of
Z2m, therefore, corresponds to the Fourier power of the
undispersed signal. Z2m takes the form:
Z2m =
2
N
m
∑
j=1
[(
N
∑
i=1
sin(2piφi j))2+(
N
∑
i=1
cos(2piφi j))2], (5)
where N is the total number of events and φi is the phase of
the ith event (mod 1).
The procedure used is as follows:
1. Adopt a model for a correction to the arrival time
of each event, as a function of the event energy. For
example, if the LIV effect has the form of En, then
the correction for an event of arrival time of ti and
energy Ei is:
t ′i = ti−θEni (6)
2. Refold the pulsar phases according to the formula
above for a choice of θ .
φ ′i = (t
′
i − t0,i)νi+
1
2
(t ′i − t0,i)2ν˙i(mod 1), (7)
where t0,i is the pulsar epoch, and ν , ν˙ is the pulsar
frequency and 1st derivative of the pulsar frequen-
cy, respectively. θ could hypothetically be any real
number, positive or negative, but with some common
sense it can be narrowed down. LIV effects are small
at GeV/TeV scales, not significant enough to drasti-
cally change the intrinsic shape of the pulse profile.
The pulsed spectrum of the Crab pulsar extends to
∼400 GeV. It is therefore unlikely that a photon at
400 GeV will move in phase more than 5% of the
pulse period of Crab in either direction due to LIV
effects. This limits the range in θ to | 400 GeV/(0.05*
33 ms) | = |θ | < 4.1µs/GeV.
3. Calculate Z2m as above in equation 5.
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Fig. 3: Performance of the Z220 DisCan results on a toy MC.
For each value of θreal , one hundred realizations of the
energy distribution is produced and event times are shifted
by equation 6 with n=1. The DisCan algorithm is applied to
each MC to recover the value of θreal . The error bars of θrec
is the RMS of the one hundred realizations. The red dashed
line represents x=y.
4. Repeat steps 2 and 3 for several test values of θ ,
finding a value of Z2m that is maximized (θmax).
5. Repeat steps 2 through 4 on several bootstrapped or
Monte Carlo (MC) data sets to determine a probabili-
ty distribution function (PDF) that will determine test
significance and limits.
In addition to being unbinned in both phase and energy,
this approach uses all photons (P1, P2 and background
events), removing all potential trial factors except from
for choice of m, which is determined to be 20 from a
MC optimization. Results of MC tests of this approach
are shown in Figure 3. It should be noted that 20 was the
optimal value only investigating the pulse profile taken with
VERITAS from [4]. Other pulse profiles from other pulsars
or even an updated pulse profile for the Crab with data taken
after 2011 could change the optimal value.
The Z220 DisCan test, when applied to the data set from
the 2007 to 2011 seasons, has a maximal value at θ = -0.49
µs/GeV. The of plot Z220 against trial values of θ is shown
in Figure 4. To determine the statistical significance and
limits of this test, a PDF is produced by one thousand MC
realizations of the energy distribution. The Z220 DisCan test
is applied to each one. The distribution of the θmax values is
the PDF. Figure 5 shows the PDF produced. The maximum
θ found in the data, -0.49µs/GeV, has a significance of
1.4σ away from the null result of θ=0.
The LIV energy scale is related to θ by:
EQGn = (s±D/c0θ)1/n. (8)
To place lower and upper bounds on θ , Bayes theorem was
used to determine the cumulative posterior PDF with the
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Fig. 4: Preliminary performance of the Z220 DisCan method
on the VERITAS Crab Pulsar data between 2007 and 2011.
Trial values of θ are plotted against Z220 The green dashed
line is the maximum Z2 value at θmax = -0.49µs/GeV.
likelihood PDF derived from MC simulations shown in
figure 5. It is assumed that the shape of the likelihood PDFs
is independent on the value of θ used in the simulations
[17]. With this method, 95% confidence limits for θ of -
1.2 µs/GeV and 1.1 µs/GeV were derived for the lower
and upper limits, respectively. The Crab pulsar is located 2
kpc away, giving a sub-luminal limit of the linear energy
scale of EQG1 >1.9×1017 GeV and a super-luminal limit of
EQG1 >1.7×1017 GeV.
4 Conclusions
This work presented two very different methods for mea-
suring LIV from the Crab Pulsar which both yielded simi-
lar limits. The limits obtained from the peak timing differ-
ences here are comparable to limits found from MAGIC
with Mrk 501 data [18], an order of magnitude below limits
found with AGN from HESS [19] and less than two orders
of magnitude below the Planck mass scale. The dispersion
cancellation method showed a possible hint of towards the
super-luminal case. It should be noted that the bounds de-
termined by the dispersion cancellation are likely to have
large errors associated with them, due to a small number of
statistics in the tails in the probability distribution in figure
5. The method discussed here can be improved in the future
by using greater than one thousand trials for the probability
distribution.
While the Crab Pulsar does not currently have the best
sensitivity to LIV measurements, there is still merit to
the result. Some postulate that LIV effects would not be
isotropic [20], so multiple results from different targets
could constrain the anisotropy of the effect. Finally, it is
important to get measurements at multiple distances to
completely eliminate any sort of intrinsic effect, since they
would not be dependent on redshift.
It is possible that the Crab is not unique as a VHE emit-
ting pulsar, and the methods mentioned here could certaint-
ly be used for any pulsar. Hypothetically, if a millisecond
pulsar was discovered at VHE energies, it would have ∼10
times the frequency, and therefore ∼10 times the LIV sensi-
tivity to the linear term.
As mentioned earlier with more observing time this limit
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Fig. 5: Probability distribution function generated with one
thousand realizations of the energy distribution used to
extract limits. The green dashed line is at the value of θmax.
The blue dashed lines represent where bounds were placed.
could be greatly improved. A small improvement could be
gained by adding Fermi-LAT data to the DisCan method,
although the method is more sensitive at higher energies.
Additional data will improve the signal-to-noise of the pulse
profile which will improve the limits, as well as extend the
spectrum of the pulsar to higher energies if the power-law
trend continues. Additionally, re-analysis of the data using
the DisCan method with different cuts that provide better
energy resolution could improve the limit by as much as a
factor of ∼2.
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